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1.  Introduction 

The  purpose  of  this  paper  is  to  answer  two  questions  raised  by 

W.  N.  Everitt  concerning  the  spectrum  <r  associated  with  the  differential 

a 

equation 

y"  (x)  + (\  - q(x)  }y(x)  = 0 (0  < x < 30)  (1.  1) 

and  the  boundary  condition 

y(0)  cos  a + y ' (0)  sin  a - 0 , (1.  2) 

where  q(x)  is  real -valued  and  continuous  and  a is  a real  constant.  We 

introduce  the  usual  division  of  cr  into  the  point,  continuous,  and  point- 
er 

continuous  spectrum; 

cr  = Per  U Ccr  U PCcr 
a a a a 

fl,  section  43;  4],  and  since  PCcr  is  our  concern  in  this  paper  we 

L 7 a 

repeat  the  definition  that  PCcr  consists  of  those  eigenvalues  in  cr 

a a 

which  are  not  isolated  points  of  <r  . 

a 

If  q e LP(0,3o)  for  some  p > 1,  it  is  well-known  that 

Ccr  U PCcr  = [0,  *>) 

a a 

[10,  p.  112,  Theorem  2 5]  and  that  PCcr^  is  empty  if  p = 1 (see  [8]  for 

references).  Specific  examples  have  been  constructed  which  show  that 

Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-75-C- 
0024. 
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PCcr  is  not  necessarily  empty  when  p > 1 and  these  are  described  later 
a 

in  this  section.  The  questions  raised  by  Everitt  [8,  section  1,  remark  7] 

are  whether  PC<r  can  contain  a countably  infinite  number  of  points  and 
a 

whether  PCcr  is  bounded  above  when  p > 1 . We  answer  these  questions 
in  the  following  theorem. 

THEOREM.  Let  { } (n  = 1,  2,  . . . ) be  any  sequence  of  positive 
real  numbers.  Then,  given  p > 1,  there  exists  a real  number  a and  a 
real-valued  continuous  function  q e L^O,  °°)  such  that  PCcr^  for  (1.  1)  - 
(1.  2)  is  precisely  {X^}  (n  = 1,2,...)  - 

Here  {\n}  is  permitted  to  be  either  bounded  or  unbounded.  Despite 
the  doubts  expressed  in  [8,  section  1]  about  the  applicability  of  the  in- 
verse spectral  theory  of  Gelfand  and  Levitan  [9],  we  shall  nevertheless 
use  this  theory  in  the  simplified  form  of  Levitan  and  Gasymov  [11]  to 
establish  our  theorem.  We  state  the  results  that  we  need  from  [11]  in 
section  2 below  and  we  prove  the  theorem  in  section  3. 

The  first  general  result  on  the  nature  of  PCo-^  was  obtained  by 
Wallach  [14]  as  follows. 

Let 

lim  sup  x|q(x)|  < (1.  3) 

x -*■  oo 

and  denote  the  value  of  the  lim  sup  by  k . Then  PCcr^  is  bounded  above 
2 

by  k for  all  a . 

Complementing  this  result,  there  are  specific  examples  of  q(xl 
satisfying  (1.  3),  constructed  by  different  methods,  for  which  PCcr^  consists 


— 


iMH 
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of  a single  point  p in  (0,  k2)  for  some  a . Any  q(x)  satisfying  (1.  3) 
is  of  course  in  LP(0,*)  (p  > 1)  . The  first  examples  were  given  by 
von  Neumann  and  Wigner  [13]  and  Wallach  [14],  the  idea  here  being  to 
construct  a differential  equation  (1.  1),  with  X.  = p,  by  calculating 
y"  (x)/y(x)  for  a suitable  square -integrable  y(x)  . The  asymptotic  theory 
of  Atkinson  [2;8]  and  the  use  of  certain  step-functions  for  q(x)  [6;  7]  provide 
further  examples.  The  inverse  spectral  theory  of  [9]  was  first  used  to  pro- 
duce a single  point  p in  PCcr  by  Moses  and  Tuan  [12]  and  again  by 

a 

Chaudhuri  and  Everitt  [4  ;8].  We  refer  to  [5]  and  the  references  therein 

for  further  related  work  on  PCtr  . 

a 

It  should  be  mentioned  that  none  of  the  above  examples  produces 

2 

a value  of  p arbitrarily  near  to  k in  any  sense,  the  best  being  a 
-2  2 

value  near  to  4tt  k [6]  . This  leads  to  the  following  open  question. 

(*)  Let  c > 0 be  given.  Is  there  a q(x)  such  that 

lim  sup  x | q(x)  j = k < 
x—  » 

2 

and.  for  some  a,  PCcr  contains  a point  p satisfying  p > (l-e)k  ? 

2 a 

(The  related  result  of  Borg  [3]  should  be  noted,  that  if  (1.  3)  is  replaced  by 
the  condition  that 

x 

f | q(t)|  dt  < k log  x 
0 

2 

for  all  sufficiently  large  x,  then  PCo-^  is  bounded  above  by  k , and  the 
result  is  best  possible.  However,  the  proof  that  the  result  is  best  possible 
does  not  answer  (*). ) 

-3- 


There  Is  a second  open  question  which  arises  out  of  the  work  in  this 

paper.  It  is  not  clear  whether  or  not  the  q(x)  which  we  construct  to  prove 

our  theorem  satisfies  (1.  3).  However,  as  we  shall  point  out  in  section  3, 

the  estimate  (3.  IS)  suggests  that  our  q(x)  does  not  satisfy  (1.  3).  We 

therefore  pose  the  following  question. 

(**)  Is  P Co-  necessarily  a finite  set  of  points  when  (1.  3)  holds? 

a 

Acknowledgement.  The  main  work  on  this  paper  was  done  while  we 
were  at  the  London  Mathematical  Society  Symposium  on  Partial  Differential 
Equations  at  Durham  in  July  1976.  We  are  grateful  to  Professors  D.  E. 

Edmunds  and  L.  E.  Fraenkel  for  the  invitation  to  join  this  symposium. 

2.  Inverse  spectral  theory 
We  state  here  the  theorem  from  [11]  that  we  use. 

INVERSE  SPECTRAL  THEOREM.  Let  p(\)  be  an  increasing  function 

of  X.  in  (-oo^so)  . Let  the  following  conditions  (a)  and  (b)  hold. 

2 

(a)  If  fe  L (0,  so)  has  compact  support  and  if 

1 

30 

/ E2(\)  dp(M  = 0 , 

-30 

where 

00 

E(\)  = f f(x)  cos(x\!  X )dx  , 

0 

then  f = 0 p.  p. 

(b)  If 
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or(\)  = 


P(X) 


(X  < 0)  , 


(2.1) 


p(X)  - 2TT*1  V X (X  > 0) 


then  the  function 


A _ 

f cus(x  \I  X ) dcr(X)  = $^(x) 
-00 


converges  boundedly  to  41  (x)  in  any  compact  x-interval  as  A 00  , 
v'here  $(x)  has  M t 1 locally  integrable  derivatives. 

Then  there  is  a number  a and  a function  q(x)  with  M locally  in- 
tegrable  derivatives  such  that  p(\)  is  the  spectral  function  of  (1.  1)-(1.  2) 
with  this  a and  q(x)  . 

The  formulae  in  [11]  from  which  a and  q(x)  may  be  determined  are 
as  follows.  Let 


A _ _ 

F(x,  t)  = lim  f cos(xs/  X ) cos(W  X ) do-(X)  (2.2) 

A-oe  _oo 


and  let  K(x,  t)  be  the  unique  solution  of  the  integral  equation 

x 

F(x,t)  + X(x,t)  + / K(x,  s)  F(s,t)ds  = 0 (0<t<x)  . 

0 


Then 


q(x)  = 2 — K(x,  x) 


(2.  3) 


(2.4) 


and  a is  determined  by 

cot  a = -K(0,  0)  . 


The  relationship  between  p(X)  and  c r^,  for  the  particular  a and 
q(x)  given  by  the  inverse  spectral  theorem,  is,  we  recall,  that  or^  con- 
sists of  those  points  in  any  neighbourhood  of  which  p(X)  is  not  constant. 


-S- 


Also,  PCa  consists  of  those  points  of  discontinuity  of  p(X)  which  are 
a 

not  isolated  points  of  a . 

a 

In  our  construction,  we  choose  p(X)  to  have  the  form 


i 


0 (X  < 0)  , 

p(M  = ( , _ „ <2-5> 

2u *1  X + y a H(X-X  ) (X  > 0)  , 

X'<  x n n 
n 


where 


f0  (X<0)  , 


(2.6) 


(X  > 0)  , 

and  the  a are  positive  numbers  yet  to  be  chosen.  Here  the  X are  as 
n n 

in  the  statement  of  our  theorem  in  section  1,  and  the  PCcr^  corresponding 

to  this  p(X)  is  certainly  precisely  {X^}  • We  aim  to  show  that,  given 

p > 1 the  a can  be  chosen  sufficiently  small  to  ensure  that  q(x),  as 
’ n 

given  by  (2.4),  is  LP(0,ao)  . At  this  point  we  make  the  standing  assumptions 
that 

a <1  for  all  n (2.  7) 

n 

and 

OO  (30 

Ta  Y a \[  X < oo  . (2.8),  (2.9) 

^ n ’ y n n 

Already  (2.  8)  is  required  for  (2.  5)  to  make  sense  when  {X^}  is  unbounded. 

We  have  to  check  that  conditions  (a)  and  (b)  in  the  inverse  spectral 

theorem  are  satisfied.  Since  a > 0 in  (2.  5),  it  is  clear  that  in  (a)  we 

n 

have  E ( X)  s 0 in  (0,oo),  whence  f = 0 p.  p.  Also,  by  (2. 1)  and  (2.  5), 

(b)  is  certainly  satisfied  with  M = 0 since  (2.  9)  is  assumed. 
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f 


3.  The  construction  of  q(x) 


By  (2.  1),  (2.  2),  (2.  5)  and  (2.  8),  we  have 


F x.  t = V a cos  x \!  X ) cos  W X.  ) 
' j n n n 

n=l 


To  solve  (2.  3),  at  least  formally,  we  try 


K(x,  t)  = v A (x)  cos(t \I  X^  ) 
n=l 


(3.  2) 


(We  note  that  it  would  also  be  possible  to  use  the  more  explicit  form 


K(x,  t)  = V T A cos(x  \l  X ) cos(t^T  ) , 

7 m n m n 


- 1 , rn,  n 

m=l  n=l 


but  there  appears  to  be  no  advantage  to  be  gained  by  doing  this.)  On 
substituting  (3.  1)  and  (3.  2)  into  (2.  3)  and  setting  the  coefficient  of 
cos(t \l  \ ) equal  to  zero,  we  obtain 


a cos(x%/  X ) -t-  A (x)  + a Y A (x)  I (x)  = 0 , 
n n n n ] ] , n 


that  is, 


An(X)  {an  + Tn,  n(X) } = ' J.  !j,  n(X)  " COS(X  ^ Xn  } 


(3.  3) 


(n  = 1,  2,  . . . ) , 


where 


A 

I,  (X)  = f cos(s 
j,n  •'o 


\l  X. ) cos(sn/  X )ds 


(3.4) 


The  equations  (3.  3)  form  an  infinite  set  of  equations  which  are  to  determine 


the  A (x) 
n 


To  justify  working  with  an  infinite  set  of  equations,  we  first  con- 


sider the  truncated  set  of  equations  obtained  by  setting  A^  = 0 (n  = Nt-l  , 


N+2,  . . . ) in  the  first  N equations  and  treating  these  N equations  as 


equations  for  A^,  . . . , A^  . This  truncated  set  has  a unique  solution, 


since  it  is  standard  that  the  integral  equation  (2.  3)  has  a unique  solution 
when  we  take 


N 

F(x,  t)  = ^ a cos(x  \Tx"  ) cos(t  \I  X ) , 


n=l 


(N)  (N) 

and  we  denote  this  solution  by  A (n  = 1,  . . . , N)  . (The  A are  of 

n ' ’ ’ ' n 


course  functions  of  x . ) 

By  (3.4),  we  have,  for  j ± n , 


1 X _ 

I.  (X)  I = f—  f [cos{s  (\Tk  + \f\,  ) } + cos  {s(\[  X -vT)}Jds 
j,  n'  2 j 1 n ] n ]' 


< k\n  - \i\.  r1  , 


and  so 


I,  n(x)l  < Y ( 1 < j < 30 , j * n)  , 
1,  n - n - 


(3.  5) 


where 


y = sup  |s/  X - n/  X,  I"1 
n n j 

J*n 


(3.  5 A) 


4(N) 


Now  we  can  deduce  from  the  equations  for  A the  inequalities 

n 


lAriil<1  + In,"r‘(VnllA(N)|1  +1)  <n  = 1 N)  ’ 


(3.6) 


8- 


J 


A 


where 


N 


a(N)||  = v |a(N)| 

M ] 


Summing  (3.6)  over  N we  have 


'a<n,»  < i ! anvnV(N)|1 % 

n=l  / n=l 


and  if  we  assume,  as  we  may,  that  the  a are  chosen  so  that 
’ ’ n 


1 


DO 

v a y < r-  , 
n n — 2 

n=l 


(3.7) 


we  have 


A,N,II  < 2 v a =C  , 

— ' n 

n=l 


(3.  8) 


say,  where  C is  finite  by  (2.  8)  and,  of  course,  C is  independent  of 
N and  x . Substituting  back  into  (3.6),  we  obtain 


I A(N)  | < (a'1  + I f1  (Cy  + 1)  . 
n — n n,  n n 


(3.9) 


If  we  now  let  N -*•  =0,  for  fixed  n and  x,  the  Bolzano -Weierstrass 
theorem  assures  us  that,  at  least  through  some  subsequence  of  N , 


A(N)(x)  -*  A (x)  , 
n n 


(3.10) 


say,  and  that  A also  satisfies  the  inequality  (3.9).  By  the  usual 
’ n 


diagonal  process,  we  can  choose  the  subsequence  of  N so  that,  as 
N -*  oo,  (3.  10)  holds  for  all  n,  and  we  can  now  show  that  the  A^  satisfy 
the  equations  (3.  3).  First,  the  infinite  series  in  (3.  3)  converges  by  virtue 


-9- 


i 


,<N)4 


of  (3.  9)  (with  A^  in  place  of  ),  (3.  5),  (2.  8)  and  (3.  7).  Thus  (3.  3) 


makes  sense.  Next,  given  e > 0,  we  can,  by  (3.  9),  (2.  8)  and  (3.  7), 
find  R sufficiently  large  that,  for  all  N ^ R, 

N 


V 


IA 


(N) 


j 


- r V |A 

e>  /.  i H 


1 


< — 


j = R J j = R 

Thus,  taking  specifically  the  n-th  equation  in  (3.  3)  and  using  (3.  5),  we 
see  that  the  difference  between  the  right-hand  sides  of  the  equation  and 


its  truncated  form  does  not  exceed 


R 


^ !a(N)  - A.  I + V e < e 


if  N is  sufficiently  large.  Hence  the  n-th  equation  in  (3.  3)  holds  as 
the  limit  of  its  truncated  form  as  N -♦  oo  . Thus  we  have  proved  that  the 


A^,  as  defined  by  (3.  10),  satisfy  the  equations  (3.  3). 


With  K(x,  t)  now  defined  by  (3.2),  the  convergence  of  the  series 


,(Nh 


is  assumed  by  (3.9)  (with  A^  in  place  of  A^  ),  as  are  the  formal  manip- 


ulations leading  to  (3.  3).  Thus  K(x,  t)  is  indeed  the  (unique)  solution  of 
(2.  3). 

It  remains  to  show  that 


— K(x,x)  e L (0,  oo)  , 


at  least  if  the  a are  chosen  suitably.  By  (3.  2),  we  have  formally 
oc  ft 

*"  ' ^ ' rr-  . . . . rr-  . . rr-  .j  ' (3>U) 


-j-  K(x,  x)  = y { A ' (x)  cos(x  nTT  ) - A (x)  nTT  sin(x  \ ) 

ax  - ' , n n n n n 

n =1  n 


It  is  therefore  necessary  to  obtain  bounds  on  A1  (x)  . 

n 


1 
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If  we  differentiate  the  truncated  form  of  (3.  i),  satisfied  by  the 

A(N)  we  obtain  easily,  bearing  in  mind  (3.4)  and  (3.8),  that 
n ’ 


+ L dT  A1  >(X) 


n 


n,  n 


v d (N) 

V I.  (x)  — A (x) 
3,  n dx  j 

* ~ S 
j*n 


< s[~\  +■  C 

— n 


[3.12) 


(N) 

Since  (2.  9)  is  assumed,  the  same  type  of  argument  that  was  used  for  A^ 
now  establishes  that,  for  fixed  n and  x,  -~y  A^'  converges  through  a 
subsequence  of  N which  can  be  taken  to  be  the  same  as  before.  If  we 
assume  further  that  the  are  such  that 

SO  00 

V a X.  < oo  and  ^ a y V X <oc,  (3.13) 
n n y'  n n n 

then  the  same  type  of  argument  can  also  be  applied  to  — j A^  with 

dx 

a bound  (which  we  do  not  need  to  specify)  corresponding  to  (3.9)  and 

which  is  independent  of  N and  x . In  passing,  we  note  that,  by  part 

(b)  of  the  inverse  spectral  theorem  in  section  2,  the  convergence  of  the  first 

series  in  (3.13)  implies  that  our  q(x)  is  absolutely  continuous  in  [0,oo)  . 

It  can  be  readily  verified  that  the  bound  corresponding  to  (3.  9) 

which  we  obtain  for  A^^x  from  (3.12)  is 

dx  n 


4-  A(N>,x, 

dx  n ' 


< {a'1  + Ir  n(x)}_1  {(C^C^WXh  +C},  (3.14) 


where  yCj  is  the  sum  of  the  series  (2.  9).  Thus,  for  any  fixed  n,  the 

sequence  A*N\x)}  is,  as  N - *>,  uniformly  bounded  and 

dx  n 


-11- 


equicontinuous  for  x in  f 0, 00 ) , and  so  the  sequence  (or  at  least  a 
subsequence)  converges  uniformly  as  N-*  x for  x in  any  compact 


interval.  It  follows  that 


d .(N)  d 

ST  A„  M ~ ST  A„<*> 


and  that  the  estimate  (3.14)  holds  for  A'  (x) 

n 

Now  that  (3.  11)  holds,  we  have,  by  (3.  9)  and  (3.  14)  (for  A'  (x)) 

n " ’ 

d ^ 

diT  *<*>*>  i c'  Z <a„  * I JX)}'1  (v  + ViT  + V VT  +1)  , 
n=l  n n>  n n n n n ' ’ 


where  C'  is  a constant.  Also. 


-1  1 x 

an  +In,  n(X)"an  + / c°sZ(sVTj ds 

0 

= an  + + T XnI/2  sin(2x^\T  ) 


-1  1_  -1/2  1 
- an  - 4 Xn  + 2 x 

1 -1 

>jOn  + x>  » 


provided  that  an  < 2V  \n  , this  being  a further  restriction  on  the 
only  rf  lim  inf  = 0 . In  (3.16),  we  use  Young’s  inequality 


ab  < a /r  + bS/s  , 


where  a > 0,  b > 0,  r > 1,  s > 1,  and  r’1  + s'1  = 1 . This  give 
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Then,  by  (2.4)  and  (3.15),  q(x)  is  in  LP(0,so)  if 

or  or 

f x p s {Y  a1/r(Y  + 'sTx-  +V  ■ST  + 1) } Pdx  < ao  (3.18) 

J . iJ,  n wn  n yn  n ’ 

0 n=l 

and  this  can  be  arranged  by  choosing,  as  we  may,  s so  that  1 < s < p 

and  {a  } sufficiently  small  that  the  infinite  series  in  (3.18)  converges, 
n 

This  completes  the  proof  of  our  theorem. 

In  section  1 we  raised  the  question  of  whether  or  not  our  q(x) 
satisfies  (1.  3).  That  it  may  not  do  so  is  suggested  by  (3.  15)  and  ( 3.  16). 
When  x = a * for  a particular  N,  the  term  with  n = N in  the  series  in 
(3.  15)  is,  by  (3.  16),  roughly  of  the  size 

x"1(yn  + ^ + yn  V ST  + ])  (3' 19) 

for  large  N . The  factor  multiplying  x * in  (3.19)  is  certainly  unbounded 

if  (\  } is  unbounded,  and  it  is  also  unbounded  if  (\  } is  bounded  be- 
n ' n 

cause  then  {v  } is  unbounded  by  (3.  5A). 
n 

On  the  other  hand,  granted  the  convergence  of  the  series  in  (3.  18), 

- 1 /s 

it  is  clear  from  ( 3.  1 5)  and  (3. 17)  that  q(x)  = 0(x  ) as  x -*  °°  . Thus, 

-c 

given  c < 1,  we  can  arrange  that  q(x)  = 0(x  ) as  x -*■  » . 
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